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AVSTRACT 

^.awl^  ''Z^- 

Thiarepari  i»TeMHMM  ihe  ><riabili(y  of  lethal  area  aa  a  chance 
quamity,  in  repeated  use,  as  oell  aa  the  variability  of  eatinaies  that  can 
be  made  of  mean  lethal  area  by  cooveniional  methods.  Mathematical  stale- 
neats  for  rhe  standard  deviation  of  lethal  area  as  a  chaaee  auaatity,  sad 
of  the  staadard  deviations  for  eaimates  of  Mean  lethal  area,  also  as  a 
chance  C',iiaaiiiy,  are  derived  in  terms  of  the  mean  and  sraitdard  deviations 
of  such  (actors  as:  1  (he  average  presented  area  of  a  human  target: 

(he  avraher  of  hits  per  square  foot  and  the  breakdove  of  such  bits  into 
mass  croups:  the  initial  velocity  and  (he  mass-to-presented-area  ratio  of 
fisgiiieMs;  and  the  terrain  limitsiion.  By  neglecting  all  such  variations 
except  the  variation  in  P^_ ,  the  effect  of  this  factor  alone,  as  a  (unction 
of  burst  height,  is  illustrated  (by  numerical  esamples).  In  addition,  a 
method  is  given  for  comparingthe  lethal  areas  of  tvo  uarheads.^^ 

COHCLUSIONS 

_  Numerical  eiamples  mere  computed  to  eatimate  the  adequacy  of  available 
controlled  fragaencation  case.  The  computations  iodicaie 
that  the  two-standard-deviation  percentage  ertorjrf  the  estinaie  of  the 
mean  lethal  area  can  he  as  much  ss  70S  due  to  alone. 

The  cuo-staodard-deviation  perceoiage  error  oi  the  estimated  mean 
lethal  area  is  smaller  than  the  two-standard-deviatioD  percentage  error  of 
lethal  area  as  ri  chance  quantity.  It  is  indicated,  therelore,  that  the  vari¬ 
ability  of  lethal  area  as  a  chance  quantity  is  quite  extensive.  Therefore, 
it  seems  that  ooc  much  reliance  can  be  placed  upon  the  concept  of  lethal 
area  for  predicting  the  number  of  troops  ioc^acitated  in  any  one  case, 
from  knoving  the  mean  lethal  area  of  a  weapon:  i.e.  not  much  reliance 
can  be  p'aced  on  absolute  values.  It  does  ooc  necessarily  follow,  however, 
that  the  c(f--..cep(  of  mean  lethal  area  is  of  oo  value  in  comparing  weapons. 
Computations  are  concemplaced  for  future  repotis  to  determine  the  effect 
of  the  vari^  a'percentage  errors  when  comparing  different  weapons  for 
both  controUed  and  uncontrolled  fragmentation  cases. 
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INTRODUCTION 

One  of  the  most  importeni  problems  in  Oriiajiace  is  to  measure  the  ef* 
fectiveoess  of  weapons.  For  this  purpose,  the  concept  of  "lethal  area" 
is  cuiTeiuly  used.  The  idea  underlying  this  concept  is  that  when  the  lethal 
area  is  multiplied  by  the  density  (assumed  to  he  uniform)  of  troons  on  ihe 
ground,  the  eipectcd  ounber  of  incapacitated  troops  is  obtained.  It  will 
be  observed,  however,  that  in  practice  the  ounber  of  such  incapacitations 
will  differ  each  time  (he  weapon  is  used,  no  matter  how  carefully  an  attempt 
is  made  to  hold  conditions  fixed.  Accordingly,  the  numbei  of  incapacitated 
troops  may  be  regarded  as  a  chance  t^uaotity  (random  variable);  it  follows 
that  lethal  area  will  have  a  corresponding  meaning. 

A  critical  examination  of  relevant  liteiaiure  ini ic ales  that  the  term 
"lethal  area"  as  commonly  used  is  actually  meant  to  be  the  mean  value 
of  the  chance  quantity  just  mentioned.  (This  mean  value  must  be  esti¬ 
mated  from  experimental  darn.)  This  observation  leads  immediately  to 
two  important  questions  heretofore  neglected.  These  questions  are: 

(1)  that  is  (he  variafnlity  of  lethal  area  as  a  chance  quantity  when  the 
weapon  is  used  repeatedly?  (2)  How  adequate  is  the  available  data  used 
in  estimating  said  mean?  This  is  (he  first  of  a  series  of  reports  concerned 
with  examining  these  questions. 


la  the  present  report  the  basic  equations  necessary  to  answer  the  ques¬ 
tions  ra'.sed  ate  derived.  These  basic  equations  include  the  cases  of  con¬ 
trolled  and  oncontrolled  fragineixation. 

The  basic  equations  derived  include  (he  variations  of: 

(a)  Terrain  limitation  (R) 

(b)  Fragment  density  (p) 

(c)  Probability  of  incapacitation  (Pukl 

(d)  Presented  area  ^f  a  human  target  (5) 

(e)  initial  velocity  of  fragmet^s  ('/,) 

(f )  Mass-to-average-presented-area  ratio  of  a  fragment  (ro/a). 

The  examples  given  in  this  report  deal  with  controlled  fragmentation  and 
include  the  variations  due  to  (b),  (c),  and  (e).  The  examples  furthermore 
are  concerned  with  the  second  question  raised  previously. 
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Aa  ispoctiot  vse  of  Inclial  area  is  ia  coapariai  oae  •capon  •ith  another. 
It  •ould  be  desirable  to  koow  bow  aitcb  ‘.ar|et  oae  lethal  area  should  be 
tbaa  another  lethal  area  in  order  to  say  with  coalideace  that  oae  weapon 
is  sMcc  eflcctite  than  itaotbet.  la  the  prescot  report,  a  method  (or  testing 
the  dilftteace  between  the  lethal  areas  of  two  weapons  is  derived. 

SOME  PEITINEHT  COMCIPTS  IN  PROBABILITY  AND  STATISTICS 

ia  perforauaj  certain  eiperimeats  a  aumber  ei  times,  it  any  not  be  poa> 
sible  to  predict  a  particular  ouicoac.  For  esaaple,  in  tossing  a  coin,  the 
ouccome  od  a  head  or  a  tail  cannot  be  predicted  with  certainty  on  any  given 
toss.  However,  the  results  of  eiieasive  sciences  of  such  eaperimeots 
have  often  ahowa  cenain  statistical  regularity,  as  in  the  averages  of  the 
results,  and  in  the  long-run  stability  of  fregueocy  csitos  Such  eapeiiments 
arc  usually  called  random  espetiments.  In  the  mathematical  theory  con- 
atracted  to  serve  such  situatims,  the  fact  of  statistical  regularity  is 
idealised  by  assuming  the  eaistence  of  matheascicsl  probabilities  as  con¬ 
ceptual  coaaierparts  of  the  frequency  ratios,  aad  eapected  values  as 
counterparts  of  averages. 

Suppose  a  random  etperiaeot  is  repeated  a  aumber  of  times  wider  uni- 
forady  coartolled  coaditions.  Suppose  fuithermore  that  the  outcome  of  an 
eaperiment  is  described  by  a  number  X  (a  measutemenc,  reading  face  of  a 
rolled  die,  etc.).  The  value  which  the  outcome  X  takes  on  may  vary  for 
each  panicolar  experiment,  if  X  can  take  on  a  finite  number  of  values, 
say  Xj,  .  .  .  ,  Xg  (1,  .  .  .  ,  6  in  the  rolling  of  the  die)  with  probabilities 
Pi,  .  .  .  ,  Pg  (O^Pj^l;  XPj*  1)  then  X  is  called  a  discrete  random  vari¬ 
able,  with  probability  distribution  (P„  .  .  .  ,  Pg). 

If  X  can  take  oo  a  continuous  sec  of  values  such  chat: 

Ptob  I  X  <14  -^x  dx|  5  ( (x)  dx 
•here  f  (x)  ^0  and  /*f  (x)  d  x  •  1 

then  X  is  called  a  continuous  random  variable  with  density  function  f  (x). 

It  should  be  noted  that  aay  measutable  function  of  a  random  variable, 

G  (X„  .  .  .  X_),  is  again  a  random  variable. 
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ftmJard  OavistUa,  Esmc**^  Valaa  aa4  Varlaaca,  CararlaM*  aa4 
Cairalatlaa 

(A)  Discrete  case:  Suppose  X  is  a  discrete  raadan  airiable  aihieh  csM 
take  00  values  a,  .  .  .  ,  «it)i  probabiUiies  P, .  .  .  ,  Pk  respectively. 

Def  AI  _ 

ai^  •  b(X)  .  . . 

is  called  the  npecteil  value  ol  X 


Def  A2 


ox'  .  V(*)  V  i  (X,  -mx)'  P.“  PlfX  -  m^l'l 

VfX)  is  usually  calleJ  the  variatice  of  X.  The  siaoJarJ  Jevlariou  of  -X  is 
leiined  by 

"x  *  vTiiXT 

Let  X  aai  Y  be  c«a  discrete  raadom  variables. 

Def  A3 


Cov  (X.Y)  *2  i  fXi-ra^)(y -ra  )  Prob  IX  .  »  ;  Y  -yl 
i  j  ‘  *  J  V  i  1 

Cov  (X.Y)  is  usually  called  the  covariance  becaeeo  X  aad  Y. 

Def  A4 


p(X.Y)  a 


Coy  I X.Y) 


p  (X.Y)  is  usually  called  che  correlatiou  beiweea  X  aod  V. 

(B)  Continuous  Case:  Suppose  X  is  a  continuous  random  variable  with 
density  function  f(  x).  Then: 


Def  B1 


.  *  E(X)  «fzf(x)dx 
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Del  B2 

o,*.  V  (X)  *  fJX  («)  <1  « 


The  etptcted  value,  a  aoi  the  eatiaace,  V(X),  of  a  taadoa  variable 
X.  ae  ouahers  jescribin^  wome  aapecc  of  the  deaaiiy  fuaciioa  of  X.  The 
aeu>,  iB](>  deaccibea  the  ceotcal  teodeacy;  V  (X)  deactibet  the  variocioo 
or  spread  of  the  diMribuiiao  fdeoaiiy). 

Let  X  and  Y  be  r*o  coatiauout  taadoa  wiablea. 

Def  B3 

Cov  (X.YI  .  r  /"(X  -  -  -ylP  (X.  Y)  d  .  dy  -  E1(X  -*^(Y  -  a^)l 

where  P  (X.Y)  is  the  joioi  diuributioa  fttoctioo  of  X  aad  Y. 
rVf  B4 

p(X.Y)  a 

"x^r 

Seapllai 

Coosider  a  taadoa  eiperiateoi,  E,  with  associated  raodoo  variable  X 
(with  nijj,  Oj')  and  densitv  f«oct<«i  f  (»)•  Suppose  the  raodoB  eaperiaeai 
is  repeated  a  liaes  and  the  valuesof  X  observed  are  (•.. 

is  then  called  a  saapJe  of  size  a  froa  popiilaion  (desaiiy)  /  (a). 

Any  (uoctioo  of  (a„  ....  a,),  F  (i . »,)  i*  called  a  sample  fuaciioa. 

F  caa  be  considered  as  a  raodoai  variable  associated  with  the  eaperiaeai 
(repeaiiai  £  a  lioas).  la  reran  of  an  appropriMe  choice,  F  may  aoaeeiaes 
be  ised  to  eaimate  certain  profteiiier-  rf  the  deotsity  function  f  (x). 

Eaasple 

Let  X  have  a  density  fuaciioa  f  (s)  with  acaa  Let  F  (x . 

a,)  -  X.  ♦  .  .  .  ♦  X, 


CCWFIDENTIAL 


CONFiDENTIAL 


(  is  Hsuslly  called  the  aeetsye  ol  ihe  unple  (i, . Sa). 

Tbc  t«eri(e  ris  eftto  used  lo  euimaie  Ote  ftofitny  at  s  is: 

F.  tsi  - 

s  cbcrefMc  is  called  aa  uabissed  esiiaate  at  a^ 

The  siudy  of  staisiics  csaaisis  psniy  at  aiudyit.|  the  dlMribuiiaa  of 
F  lot  eahous  F's  aiih  (he  «ica  lo  dnvia^  ioierences  aboia  Its),  such  as 
i(s  aean  sariaace. 

TasHa^  Hypathasis 

Coaaidec  lao  raadoa  aariabies,  X  aad  V  aiih  aeaaa  a^^  aad  re* 
apcciiaely.  Ii  is  afiea  desirable  la  deduce  Iroa  dais  aboia  X  aad  V  uheibe 
>  Sly.  A  ciiiecioa  ahicb  eaa  he  used  to  da  this  is  (he  lollouiat: 

arbea  r  -  y  >  k  a_  _  (k  chosea  appiupriutely)  abeit  e>_ 

“  *  ■  r  *  *  V 

is  (he  staadatd  deviaiioa  ol  (he  random  variable  -  —  ,  and  ^  sol  f  aie 
uabiaaed  eaiiaaies  ot  aad  By' 

The  value  o(  k  is  chosen  such  (b«  a  fives  value  is  obaioed  ior  (he 
probsbiliiy  of  decidiac  iha  a  ^  ’  a^  *hea  acts  illy  m^-  ay.  This  peobabil- 
iiy  is  koovra  aa  ihc  lype  1  error.  Too  useful  leaows  (Ref  1,  pp  18}  ■  184; 
Ref  },  p  198)  (0  aid  ia  cboosiaf  k  «heo  (here  is  little  lofocmaiioa  about 
(he  distribuiioo  of  y  -  y  are  the  followioi: 

Leaas  1 

Coasider  a  cooiiauous  raadoa  variable  X  aiih  mean  rn  sod  standard 
devisiioo  <r,  (heo: 

Prob  IX  -  m  >  k  ol  <  ^ 

~  1  ♦  k* 

Lemma  2 

Let  the  value  of  S  be  defiaed  as  folloos; 
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wbcre  K«  is  (be  motie  o*  the  itsuibtiiioo  /uACtiM  the  r«a4om  varitblr 
X.  Tbep: 


Prab  1  ‘  X  -  rr. 


k 


_4_  h‘{l*V)  \ 

(k  -  ISJ'  I 


Aftvyr*)in<  oaly  coo(iQai(/ to<  (be  iisiribuitofi  fuActiofi  ol  X.  the  lyp*;  I 
error  for  k  »  2  is  less  (hso  20*1,  for  k  ^  it  is  less  tbsa  lO^.  This 

CM  be  seer,  froas  Lnuaj  1.  Kof  moJerste  vsJges  of  |  ^  j,  (he  sboer  esti* 
motes  CM  be  improveJ.  Ii  esa  ofteo  be  assumed  (bat  (he  mode  e^sls  (be 
mesa.  I  or  shicb  c  jx,  o,  oaJ  sben  k  •  2  (be  type  1  error  is  lets  chso 
iOV 


The  choice  of  k  is  sieiermioei  from  ecooom  c  coosi JersrioAs.  U  (be  cype 
1  error  proved  costly,  theo  k  oould  be  cbos»4  lortc,  and  vice  verso. 

USCFUt  THCOKCmS 

(o)  Ptopenies  of  expected  esUe 

Suppose  X, . X^  ore  tn  toadom  variables.  Theo; 


VI  X,  •  .  .  .  •  X,|  .  1  E  (X,> 

1 

(1) 

El  oXl  •  oE(X) 

(2) 

F(«)  *  a 

(3) 

%bc(e  a  is  «oy  coootoac. 

From  ( 1),  (2).  ooi  (^1,  ((  is  cooclo4e-i; 

E  I  1  ^X,|  .  1  a  E  <X  )  (4; 

Suppose  (kc'c  ore  2  ioiepenJem  roodoia  variables,  X  oad  Y. 

Thea:  t  (XY)  -  E(X)  E(V)  (5) 
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(b)  Prnpefties  ot  v^iancc 

If  X, . V  B  •■re  m  in.lcpci>icni  ranJotn  variables,  (hen! 

V(X.  ....  (1) 

V  i.XJ  -  i*V  fX)  U) 

V  'j)  -  a  (?) 


ohrfc  i  la  .(insi.101. 

Kft'ir  ( I).  (2).  anJ  I  ?).  il  is  caiKluJcJ 

I  t 


(s)  Prst'crti;:  at  covixiancr 

(1)  ihun  X  an;  V  arc  l»a  loJcrcnJrnl  lanJum  variables,  ihin 
Cov  (X.Y)  -  •) 

(21  If  \, . X*  an  I  V . Vs  ati  lao  scis  of  tanfom  variable 


then: 


'  3V  I  X 


\  tVV  r 


ic  b,  Cov{\  .  V,) 
I  •  J  »  J 


«hcrr  4fij  bj  Arc  ^ly  coosunt^. 


i  ^(iru  N  V  |u>b'  vari.«»t>k‘>,  then: 

V  (X  -  ^  J  -  V  IX^  •  V  (Y>  -  2  {X.  Y) 

anJ 

V  (\  .  V)  V  rxj,.  V  (Y)  ■»  2  c=v  fx,y} 

The  pro(«ertirs  in  fa),  fb),  on  J  (c)  are  ^taiei  without  proof  aaJ  ciui  be 
founJ  in  (iiainy  (exes  on  probability'  theory  tKefs  1,2,  aoJ  5). 
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Tbewrw  2-!  . 

L<t  M  be  «  v*ii«ble  lixh  mcita  m  ui<i  vtriMCc  • 

Cofl>i  jer  a  funciioa  ol  X,  GIX);  G  is  tfaia  a  rasJoai  variable.  The  iirM  appfoti«aiiM 
lo  the  espccieJ  value  Mil  vaiiaace  ai  C  caa  be  (Mrea  (mmi  (be  (ollo>is(; 


^  IG(X)  I  t  G(m> 

uj,' s  ViG(X}i 

t*  • 

proof:  Let  Ci  <X)  W  cftpAoJci  ifi  «  T«yIor  ftcrie*  ofousi  m,  up  to  aaJ  iacluiiM 
liMJK  (rrm.  Thuh/ 

GlX).-G(is)  -  ft.; 

TSiva;  '  ■  . 

fc»G(X)l  iG(«.)  .  ( JT)  K/X-ta)  .  Cim) 


Since: 


bl  'X  .  «1  .  KX)  -  »  .  0 
Fur.ibt‘raiorc: 

VIG(X)1  .  F.I(G(X)- E(G))M 
(G(X)  -  H(G))' s(-^)‘  (X-is)* 

p'sEJiaX)-  fc(G))M  S(i^)*K(X  »• 

G  •  dX  4tX  * 

X-» 

Better  approximAtioos  to  ElG(X)l  ani  VIG(KH  cao  be  obcaioed  by  (oio(  further  in 
the  eipaosion. 
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G<X)  «G(b)  ♦  <  ^  (X  -  «s)  ♦  «  ( (X  -  o>‘ 

TIim:  -  - 

E1G(X)1  *G(b)  ♦  «  («  >  J 

•»  x-« 

{n  ibe  i^llexloa  ihc  above  (beotem,  tbs  eiteat  o(  possible  errors  due  to  oertleci- 
ing  part  of  ibe  Taytor  eipaasion  should  be  iavestigared.  This  ha«  beea  dooc  for  ih>! 
special  applicaribn  in  this  report  (Apprndii  /.,  p  26). 

Theorem  2.2 

Let  X  uad  Y  be  ladepeodent  raodom  variables  siih  means  and  myaa.-*.  variances 
ejj‘aod  o^*,  respectively. 

Then: 

ViX  Y  i  -  Oji*  Oy*  ♦  a^>  *  m^* 

Proof:  Prom  (he  independence  asi:umpl(on: 

PIXYl-m^.^ 

Sy  definition: 

ViXYl  .  KlfXY  -  <njjm^>»i 


Tbiis: 

Vixry  I  -  EPf'Y*  -  Im  m  XY  •  »} 

X  Y  X  V 

’  E)X*Y*I  -  ^j{”y"'x'"y» 

V  FiX'Y'i  -  m  >  * 

X  y 
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fecft  loJepefiitace: 

EtX*y‘l  .  E(X')E{Y') 

Now: 

.  s^*  -  K{X  »•  ni)*«  E(X*)  *  «  / 


Tbaf.-, 

Sisilarly: 

H<y')  -  Oy*  ♦  my' 

Conbieisf: 

VtXYl-EtKn  E(V')-my‘ffly‘ 

•  (o’jj*  ♦  aij,*)  <Oy‘ tiTy^)  -  Wjj'tBy' 

‘  S '  "v‘  *  *  '"y*’’* 

AFFLICATiON  TO  LCTHAUTV  CALCULATION! 

Tkt  Cmc«#I  af  Lailitl  Artt 

It  w«a  ioilcated  ia  rhs  latroJyccioa  tbai  lethal  sfei  is  a  ouaher,  cuch  (ba:  wbae 
a  uqifofra  deaiftf,  n  ,  of  ttaops  af«  cituvei  oo  the  tetfaio,  thes  N(  •  «Aj_  ia  the  auaber 
of  troops  iscapieitacel.'  Since  eaperieseehas  showo  cb«  N|  ia  a  raeio«  variable, 
haa  a  cotreappniini  BfaBisf. 

Cansi  jet  *  raaieas  varisble,  V  {S,  i  ),  associated  with  a  poiot  (5,  r)  situated  oo  the 
terraia.  Tie  faedoa  vatiabie,  Y  (^,  t),  is  defieed  a»  iollowa: 

Y(^,f)  »  I,  when  the  tstgct  a:  (6,f)  Is  iocapssitatej; 

Y{  S,  t  r  «  3  utfeerwi  s  e . 

*T1sa  itr»  "Ucaavittiioa"  U  nMd  is  a  puunUc  aasM  <Rcl  4}. 

ll 
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L<J  (he  piobablUtf  (hi*  Y  is  equil  to  1  be  (prob  (Y  •  1)  -  *od  (be  prebifaillijr 
(hat  Y  Is  tquil  to  0  be  1  -  Pk(prob  (Y  -  0)  -  1  -  Pj). 

Let  the  (erraia  be  dlvijed  iato  ateas  equal  to  AA  (AA  chosea  to  be  approiimaxel^ 
equal  (o  the  area  of  an  areraqe  luqet). 

The  aamber  of  (foops  Tocapiciiafed,  N|.  on  (he  lerfila  Is  the  follb<»iar 

Nj  -  i;  YjAA 

•jbere  the  summation  is  taken  over  all  AA  oo  tetraio.  Thus,  lethal  area  ii  detioed  as 
i  random  variable  as  follows: 

A  ,  -  j;  Y,  A  A 

l.  ;  t 

It  follow*  that;_  _ _ 


fi'A^)  ^  1  E(Y  )  AA 
1 


i,  P^AA  a/  (S.Ordfde 
*  Taaoia 


and 


V(AJ  ^  S  V(y,)  (AA)'  .(AA)'  S  VlYj) 
i  i 


It  is  kaowo  iha-.' 

VCYj  )  -  P^^  (1  -P^  > 


and  thus 


V  (Al)  -(AA)'iPi,.(I  -P^.  ) 


The  value  of  P^  can  fe  computed'  from  (he  following,  (assumioe  coniroHed  frag- 

mentation);  . 

P.  51  -  e"“s‘=P"PHk 
k 

fthere  S,p,  P  axe  raadom  variables,  and 


'  Approoiojtiofl  Ely  oof  bi  idt;uiit  wbcco^p^  1*  rrUtivoIy  U;a«,  S**  piat 
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E(p)*«sp 

"  “PhIi 

The  iwefp«*i*iio9  of  S,  p,  P)ji,  -  — 

S  it  (be  (aeiaatti  vti  of  tttget  v 
p  it  (be  ifeotlr;  of  /rt|rseua  u  (d,r) 

p^^i*  (be  probtbitliy  (bK  t  bit  •'iit(e!vli  iota  iMtpKititioo  M  ($,(). 
Leoat  1  (coeiroliei  fr«|oe&tt(i^) 

Pj  s  1 

Feoof' 

(^’(  (here  be  a  fritmeait  bltiiet  a  (atiet  tuuMed  it  ($,(},  oiib  a  blt’ditibicMM 
probibillty  f^k<  let  otbe  (be  auaber  of  (bo«»  i  frtfaeata  obeb  an  l(tki]. 

Tbeot 

o,,  •  5<,  »  .  .  .  ‘X, 

*ben? 

Xj  •  1  wuh  p(ob«bili(jf  ^Hk! 

•  0  wi(tl  ptobiiilitjf  ‘-^Hk 

X|  ■  t  abea  (be  (*^  fraitseu  to  letbal,  aolO  otbenriie. 

Tbe  tar^rt  at  (d,r)  is  iccap^icMed  if  oae  et  toorc  Irlbtl  frajtsreis  bin  it  {i.«., 

-  1), 

Pfsb  !  Y  ,  1!  .  Prob  (N  j  >  II  -  1  -  Pnsb  iNj  -  OL 

Vtam  a  cheorem  oo  coniitiosal  probabilit)’  it  it  keevo  (bat; 


13 

CONFIDENTIAL 


CONFIDENTIAL 


IN,  -  OJ  •  E  I  Pfot  (Ni  -  0]  B,  P„k  )1 

«L«ie  pfob  (N I  *0  I  B,  Phk  )  ibe  prob«b)llt)'  (hat  N,  •  0,  «h(a  tb^e  tie  o 

Md  atVfCi  ailk 

Ne»i  Nj  •  0  If,  Mi  wly  U,  iU  e  N*b  «k  are. 

AiiUBian  (bar  tbe  (ra|«eaii  ara  ieiepaaiaer  wltb  raapaci  to  their  lethiiity,'  it  ia 
eoeciuiei: 

Pf«blN,-01ft,  P^^  l-Pt6btX,.0,  X,-0 . X,  -0  !b.  ^Hkl  •  f^-PHt***"***^* 

EIPreiXN,  -OIo,  PHk)l  sKle**^”*  I 

(iheetMa  2,  t) 


No>,  flaee 

a  •  Sp:  1  (a)  •  E(S)E(a)  •  mjin^ 
alao,  E  (PuJ  •«„ 


CoBhiaiei  ifteii: 

P^  •  Preb  IV.  II  a  1  -*  **»"p*'’Kk 
•hicb  prerea  the  leaoa. 

It  abeuii  be  aetti  that  lae  apptoiimations  «tre  IstoWed  in  tbe  derived  eiprtsaiea 
of  P^  above.  These  at* 


<i){t  -  P„.  )‘se-*'’Kk 


The  approaisaiion  ia  (2)  caa  be  isproved  bp  iacludiai  funhet  leims  to  tbe  Taylor 
eapiBsioB  of  e"*PHk  ajouad  E(nPjj^). 


‘7kli  aaeiati  is  aiittjardlaj  (kt  esBpIieaiioaa  ef  caavUtira  Buiaji. 
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For  ettmfle: 


m 


(tinnple,  page  10) 


li  ihould  bo  ^’f  J  stu  »hen  o'  i»  cor<piralivrl^  l*rgo>  <l>r.  approit 

Mk 

iMiioo  •  1  ..  e  *■  '<*'  »»y  b«  toidf  qailt. 

A  iinilw  profit  i;in  be  givon  (or  iheciarol  oneoairsllrj  (tagitoNatioo: 
*b«t  h, 

-  >o  Oil 

J\  4|  .e  t  •'nk.j 

•lifro:  p  i*  it«  dosiiiy  of  (riintan  *t  ($,t)  •irh  cEJkH  a, 

■i 

p  ii  ibo  prebibility  (tut  a  (lit  by  a  (rttmtra  »iih  mass  n  trill 
iafiapaciiato  a  ut|ei  ti  (e.rh 

SfippfikO  tllere  art*  akaitable  usbiaskd  oaritnarca  of  a  ^  n  ^  i  a  » 

•"“I 

dfoored  Si  •  ^Hka  *  '*'*  *•''■««*  5, 

p.  .  PHk»i  .  bofiaaorod  by  eJ  ;a^  .  faapeciively, 

(or  V(S),  V(f^^  y,  V(H„t  J 


Hki 


Lcr 


' t  -  « 


-sip  f> 

Ilk. 


Tbta: 


E(Pj)  SI  _e 


“S^'k'p  "p 


Hka,  5 
(ibeorem  2,1) 
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Thus  P,.  is  an  approairasiety  unbiased  eMimoic  of  P^.  The  ptesious  nosaiiea  can  be 
terr,enib?'cJ  as  follow}.:  The  -  (bar)  benores  unbiased  esfimaies  of  eepccfed  ualues- 

fi  question  of  atcat  inicfestjn  connecfioa  with  Pj  is  tSe  follo»io|:  'be 

sir’/idard  ilevia»io».  <f~  ,  of  ?  (The  volue  of  op,  iiaen  a  mtt'ioi  far  esiimaiios  how 
elnsc  the  vv»]ue  Fy 

In  thi?  Useraci'e  nn  ‘.stt.s’  ajto  there  is  tfien  a  iusfiisiaf]  between  ‘ni  f'fc-  >8 
usually  called  the  IfitI  ptfbabilityi  actually  it  is  only  an  unbiased  estimate  of  P^*' 

Ctwfstatitn  el  Varler...  el  Py 

Theorem  I 


r  c 


■  j&hp_  I 

i  "i 


likB( 


..  T(i  -  r*)* 


wiic  a 


T  -  1V<S) 


.  V  (S)  ibp  i* 


Itl  n. 


I‘l 


Proof • 

l.ei  the  capfession  for  iOj)  be  reeritten  «s  P^  =  I  ••  e 


where: 


Tl,  -efore-  H  (P*  }  -  1  -  e“  2  aP^ 

Tnc  variance  cf  P^  in  no*  caicuiated  approaimaiely  ns: 
V(Pi)5e"''”  ''  l'l?> 


(theorem  2,1) 


(theortm  2. 1) 


__  *ht5^£lid  T-tltrre  atra  tcaeO  a-w-itic-fi  rcr  m  ^rreo  popBJauos,  elMJe  ueSIieed  are  rudoa 

v&riiblfs. 
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V{}')  is  caicalaied  as  {tIIosfs; 

UiX.S  Ph»«j 

Then;  %(7).V(XY> 

Thus:  V  (?>  .  V  (Jf)  V  iV)  «  m'.V  (V)  .  my*  V(X)  (»hforem  1.7) 
Norn;  V(X).  V(.S) 

and  V(V)  *  Vlip  |.lV(p~  M  )  (f  ropatjy  « J).  p  8  ) 


It  is  in  t^o  ih4i: 

J  -  V(p,^  )  V(P„^.  '■'Ipli  > 

{'offlWoi.n  (he  Viifious  eapressioti*.’ 


tthich  io  (urn  heco^n 

vt\  :■  ‘"j*)  •  v(S)  >' 

Sr/ti»(i(dI((H  for  ^ 

UPy)  liivr?.,)  .  n,;  )  .  m. 

*  .  *1  ' 


») 


{'/(?)»<]  ♦VCSXim  «np  >'l 

*  •  '^mt  ni«j 


Tc  set  as  approiifttare  u(itH«wd  rstimstr  of  V(Py)  subaiiure  (he  unbisccd  estin-iates 
fw  (he  »ari(Jus  qu»n(iiies,  and  (he  (tsb!;  as  quored  iothe  siaremnot  ef  ihs  tfceofss! 
/pilous  direcdy. 


r'n  eipitssisa  fur  (be  approsimaie  es(jm!(ed  sa/iance  of  wcs  derived  as  a  (unccion 
*'**.?'  V  (p  nj  ^  ^  1^1  cao  I*  cOT.puteo  from  direct  eiperimectal 

data.  The  value  of  V  (P  )  cannot  be  computed  directly  from  data  as  it  stands. 

Hkaj 
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Puk,,  <^ef*ads  e&  the  value  of  rr.j  V/a  (rcomemum  pet  ptestnied  atea  for  a  fragment 
of  fnas5  fflji'  raiV/a  can  he  considered  as  a  raadoB  variable  for  «lich  dua  is  available. 
For  a  filed  value  of  tniV/a,  Pnk«i|  *  random  variable  for  arhich  data  is  available. 

CaapirtetltB  a(  VarlMca  af  ^Hk 

To  cospiae  the  variance  of  P|fk>|*  ^  <l>eoreffl  in  coadiriona)  probabiliries  ia  used. 
Theorem  3.2  For  any  random  vuiib'ts,  X  and  Z, 

V(X).  ElVfX  jZ)  U  V  1  E(X|Z)  I  {Ref  7,  No.  2,  p  326) 


ahere  VfXjZ)  is  .he  Lunditioaal  variatfCe  of  X  for  fired  Z  and  E(X|Z)  is  the  cooditioaal 
eipected  value  ofXfor.fived  7.  V{X|Z)  and  E(X|Z)  cat^ be  eoosidered  as  random  ' 
variables  since  they  depend  on  the  value  of  Z; 


Theorem  3.2  can  be  applied  to  compurini  V(p^^  )  as  folloas: 
Lett  X  ■.  P ^k  ^^1 
and  Z-  <f)V 
Furrhermoti  ienoic: 

-kt 

S  -u  and  let  V- Vo  «  ^  -  V,  e  ~ 


Then:  ’  u  V 


Theorem  3.3 

Vt  p  rZ)  1  s  ‘"PHkCz/*~*PHhCz)  ^  '  1  ^ 

"*  a  ^  ™f>Hk(«7.)f^“"PHk<  =  z)J 

where: 

IKl  I 

-1  '•  I  <"  Irt  •  ♦  m  ‘  )  ♦  o  •  3  f  o_**  m  «]  I  ♦  my'  o* 


ny(o2)  is  the  mean  slope  of  p  (Z)  ar  i 
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To  gci  the  estimated  V  :Pnk  <7. )  I  numely  V  t  P„s.  <Z)1,  substitate  bus  for  nteaas 
in  (ho  ilose  formula. 

Proof; 

From  the  iheorere  ol  conditional  variance; 

V  (?,n  {Z)l  .  fi  iVfPH^  (Z)  I  ^1  4  V  IH(^n(Z)  i  Z)l 
No*: 

VIP^  (Z)  1  Zi  - 


This  follows  ffom  tbe  fact  that  (Z)  for  filed  Z  was  foden  from  binomial  data 
v'ith  sample  size  n  (Ref  4). 

Forthermore: 

k;v!?,„<Z)  iZll  .  F  iC^l  j 

"'Pnk<'=Z>^*‘"'PHk  <“2*^  »  f  '"^Hk  l“z*  ("zl  ^PKk<°z) 


2n 


2(  (cn^  ’ 

2<\  I  2 

(by  incluJin?  seconi  order  4e?m  in  procedure  illusiraied  by  theofco  2^1) 
Now: 


and 


F  IFJ^^  I  Z  I  era  (Z) 


('(beorem  2.1) 


By  assuming  rhai  r't  0  and  combioing;,  there  results; 
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v!P„t(Z)! 


Hi  (ss)  z 


Leitins  ra,’,  .*  m  .  Ixf  concluded: 

'^*Vt<"y>**'"*'iik<-z>  ’  (  .  >‘o‘?  ) 

"  1 


vit'n^CZ)  (5-  - 


The  <7*  is  corr^uiei  as  fallows; 

/. 

oi  ■>  V(Z)  '•  V(uV)  -  ^  ~  li.  (o'-’  n)'5'»n'  trj 


«V  u  u  V  a 


Now:  _  k, 

“  ■^<5*'  o  „v  ,'V- 

V  V  o  *■■  ro  c  w  »o  ^ 


V  JV.e 
Lei: 


e  a  =  I;  (hen  V  ■■  V  « 


Thus; 


21u 


A/ 


'  )'c  o*{£>-'‘m,?)  *o  ' 

0=0  -  V  T'o  r: 


V  “a 


2k£. 

'  =e  {^)-  ,■ 

'  =j  a 


((heorem  2. 1) 


Also: 


Thus: 
ffj  s(: 

V  =U 


_  2k-  -2s_  2a. 

aj  s(iLJ*«~  oJ  (<7i*m  •  )  ♦  0-*  e  K^)'od(oJ-m 


n  V  V  V 

0  o  o 


*u  u  V  V  V 
O  O  o 
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Conbiaiof,  i(  raa  be  caictuded; 

c.*  »e  ■=“  I  (-^4*  <T^  ra 1 1  a  J  4  n^M  ♦  a‘  e  J 

Ceiif  etellea  el  (he  Vctteice  at  lallal  Aira  Winn  Wk  (0iO  Dt# fall  Otl|P  aa 

1,  Jn  aeneful,  roein  leihal  «#»,  riS  fee  eifjessrf  ss: 

"a  (ftf)  (JrJfl 

li  «  0  k 

Inhere  H  lierwet  {he  (cfr«in  fiiAifAfieng 

%hcn  <loc9  o<«  Jepend  oa  ^ 

K 

ntAi.’2fg  /j  it)  t4t 

Lee 

‘'l.  *  2®  /*?(<)  Ilf 

c  ■ 

Then  X  is  an  intbiase^  eitinaie  of  .  (pfopeny  a(4),  p  ^  ). 

Thtofcm  3.4 


n  '  s  4,'h*  If,'  o  „•  .....  t  ‘  o  •  ♦  r  • 


whete;  »  }h.  jo  0.  .  .  .  ,  n,  nh  .  R 


5  •  t-lt'h'i 
Pid.* 


Piool: 

By  the  tfapezoilal  f  ule  for  ouiaericat  ioiegtatioo: 

a(f.)  '  •  •  ■  ‘lo-l  ^  Uo^ifo)  *'.^(11)1 


Thus,  by  ru’es  on  variance: 

<.,•*  V(S),  slnih'lr.'a.*  ».  .  .  ♦  r  I.aJ  I  ♦  e'h'lr  '  e.  *  t 
^1.  *  Pklf.-i)  Pkfia) 
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To  pet  the  debited  resoli,  iwitf  that"  ^"0;  the  "MilMfe  fot 

(7^  Batiicl),-”  •  jMicn  by  puiiini  bitf.t  e»tf  ihp  tj ’s  . 

•L  '  AL 

2.  (n  I  it  was  afuuBXti  that  R  {ihe  terrain  I italt ation)  aan  a 

nynrber.  fn  teatiiy,  ha*rpvcr,  H  can  oniy  be  eHieaiCil  to  be  typical  ef  an 
!<N  .gsicd  laciica!  Miuatiat  (R«f  d).  In  ibia  aecrion,  tber  itoic,  K  will  be 
eensijffca  iit  a  rantiotnvaiiafije,  *jih  ManJjrJ  Jeeisti:  n  a,  '  Tbua 
nuci  be  ffCMitr'itf  4  to  inelude  ibe  tileit  ef  the  eimt  In  uging  R  instead 
of  the  ttue  .'^an  el  R. 

Vhcjicifl  ys 


9..*  =  »»‘h  ‘t  (B  .  a  •)  .  A  •«• 
''i.  a  '•  g 


h  •  K/'n 

5,. /h 

R  R 


S  -  r,' 


o_*  ( .  .  .  ‘  r.  d  Om  e-' 

fktul  J  PkC,,> 


Preof, 

A(^  s  h  Ifjtj'  (r,l  •  .  .  .  .  fj.jij  (r„.,  )l  ♦  irlt  1  r,'^  (r,)l 

-  .’eblr.Pklr,}  •  t,.,P»  (r^.,)  .iilli  I 

2 

If  the  ijuiniity  in  the  bractci  is  denoted  b/^  it  is  computed: 

V  1^^)  “V  (2o  h  Z)  “  4ff*  I  tfg-’  ♦  fa  *  ♦  Z  ’  o^“  (theorem  2. 1) 


.  rti^g  fa'n^C^«7t/<rT'> 

‘z‘*"  (T  "  ’  ■» 
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Siwee:  b  ^  R/o 
it  in 

{PfOf«t(y  b  (2),  p  8) 

Tbus:  /h  a  /R 

Tbs'  dtnirr.l  (r.^uli  Ik  obtained  irhrr  it  is  oinicf.d  ihai: 

S  *  a  »,  W  h  •  /'-  and  o  /h  a  i.  /R 

f.  4  iJ; 

Ctaptili**  •!  T»»  Lcfkil  Aim*  (C»fi1r*ll»ii  mA  Hina*! 

Aiffaick) 


fth  ifcpertaot  um;  of  Ittbil  tret  etleulttitat  it  the  cooparisoo  of  oae 
aeipoa  vith  toother.  It  would  be  decittble  to  hoow  whether  it  could  be 
Slid  with  coofideoce  chti  ooe  t etpoa  ii  loore  effective  tbio  loother.  (a 
this  Mrtios  •  method  (or  «ucb  coapeeiioo  if  |i*en.  If  the  sfioe  criiction 
of  ioctpeeiittion  if  uued  to  (be  comparitoo,  the  two  lethal  free*  computed 
will  he  depeodeot.  The  depeodeaec  aiittes  from  the  fact  that  the  ttme 
Pj^^data  if  used  for  both  cslculatioos  . 


Assume  two  weapwuu,  with ^ican  tebal  aness  and  M,  reapectivelp. 

M,  sod  M,  ire  uakoewa  quuitfties,  which  are  estimated  by  the  calculated 
values  X'lf'*  aod  ,  Mow  much  !ar|[er  should  he  tbaa  to 

make  it  possible  to  say  with  coofideoce  that  M,  >  U,?  The  test  which  will 
he  used  is  the  k  sraodard  'feviiiiao  criterioe.  Let  o-  aod  o_ 

flt  SL 

denote  the  estimated  standard  deviations  a(  aod  XJ’’  respectively, 
and  cov  XlS^l )  denote  the  covariance  between  X£*'  and  Xtf** 

(see  page  4  for  defioitioo  of  covariaoce).  it  it  luovo  chat  the  estimated 
standard  deviatioa  of  A j,!’*  -  Aj,  is 


_(l)  .  «)  u 

^1, 


(property  3  (e),  p  8}.  The  k  staodard  deviacioa  critefioo  states: 


is  sigaiikaatly  greater  tijaa  M,  shea: 
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The  (ommla  anH  utoaf  ctftft'ins  toe  1  rtit  siven  in  i^ppcfliJi*  ti. 

It  eftiiul  1  he  nntt  i  Ih.it  the  cslii-.ire  l  MnnJatJ  Jeviilioii  a(  a/  *  ■  /f  ii 

an  ati  faeiiutely  uii!  iasrJ  tsii.iuiF.  The  isuhsiilulion  si  tiie  uubUaci 

FMiniatc  ar  ft  ,  jsf  (i„  _  wiM  thante  the  ffshahililv  of 

A,  (l).  A^2.  ^/1>.  ^ 

i>t£’  I  t/N^r  ,1s  Jcvcribc-J  .=^.1  p  (tcvthiA  fc4S[?n4Mf 

li^Ai  (vifduv  tnl^irrjttnu  .\hxui  the  ■ii^uit'uiiprt  luncUiii  at  ^*houU 

l-r  nKf,<inej  to  *;c{  .1  tticufjic  pu'hjf  iliJy  stjtcncni  tdr  type  I  cf'fJa** 


l»Hufurc  rtj'i'ffs  H'C  '|ycsfiniis  jls  iacII  ds  iht  apf-roach 

a^fij  yiKonirallp J  f^^^.<nc^1C Jtian  tdsc  ^iU  f’c  stgJtcJ. 

Th;-  to-iif  Jf i  v,io  Cft  X  AO  Acypd'is  !  y  i.iCAfts  M  iha  Jitlelcflfc  Vj  -  may 
n  »(  hH>e  *'uf{ici>Mt  ititatiivc  jppcjK  ^  %*rtnv|r,?4n4  case  -mcM  *  t-  fot 

Cdn^i  Icring  tKc  tcl.uive  va!«ci  of  o  M)  «inJ  a  aj.tinon,  since  these 

^  t. 

reflect  tfic  fel(jMli{>  o(  the  ae.ip;>a‘/.  A  rote  intuitively  jppcalini  criterion 
for  cOfiipeUiM,:  -iCjMins  may  fOssi'-ly  !:et 


S«rf  Slippfiflfd  EiarpUt 

Tne  iiirampfcs  comyuttJ  in  itjs  reputt  ate  for  the  controlled  fragrnewarioQ 
case.  A  normal  approach  to  the  ground  was  assumed  for  simplicity  (pt 
depends  unly  on  r). 

The  eaacipU-  assumed  the  following: 

5*inch  'diarQCtcr  spherical  warheads  with  zero  cermiaat  velocity 

20,6'graiQ  cubical  fragments 

23O  fragments  (total) 

fp5  Iffitiaf  fraguTC'fii  VtritH-'ttyfV^y  ■ 
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Tbe  wusd  btlluiicu  dau  for  ibe  VmiB«c  (ifMb]CR!e>Ai  aiicrioa  c»a 
liieo  from  Referinee  4. 

X, '  *r  worecfttupwed  for  the  'rariwioa  d  p  ilone,  well  i«  with 
l-  .  tik 

•Mused  taluea  for  11^  2l*i  ••kumed 

for  (hcM  fuaetioBs,  ate  believed  typical  for  a  warhetd  ot  thii  alec  bived 
i^on  dwa  avtiUblw  for  the  T3SH6  hand  gretade  (Kef  8).  The  vatiaiiona 
due  to  f  and  terrain  limitation  ware  asaointd  aa  act*.  The  bitic  fotmulaa 
aiasplify  appreciably  for  ihia  cate.  The  conputaticQa  were  tuade  for  three 
differeai  betj  heights;  h  •  5,  10,  and  20  feet.  The  rtsulia  oi  these  co'tvpu- 
laiiona  are  ihown  “  Tsble  1  md  Figure  1  (pp  }}  tui  36)  (See  Kef  5  and 
6  for  mctb&o  31  caicoraiieg  S;  ^ 
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APPENDIX  A 

Esttlit  cf  ErMf  I*  Uo  •(  Tcyltf 

Jo  {be  discussioa  of  cfce  apptoiimate  variance  of  which  appears  in 
(h'lN  report  (p  12),  only  the  lloeat  terms  of  the  Taylor  oipansioo  were  used. 

In  rhis  appe.ndia,  the  eateni  of  possible  error  in  this  procedure  is  invesiiiate  j. 

isome  prelirnionry  statements  in  probability  theory  will  he  required, 

Let  .X  be  a  rar)nm  variable  with  mean  m,  and  denote: 

a,  oKliX-mi'l 

p.  elil  IX-’nft 

For  t  »  2;  a,  *  p,  •  o',  alsy,  wheo  r  is  an  even  irJe({cr,  =  p,. 

The  following  will  he  stated  without  proof: 

Lemma  1  i  i  £»',  ^ 

Lemma  2  p^‘  SpJ  «  o'°  (See  B»f  3.  ?  24'r) 

fith  these  lemmas,  the  main  result  can  be  proved. 

Theorem  4.1  Ler  X  be  a  random  variable  with  mean  m  and  variance 
o,‘.  Then: 

V  tl-e-*|.e''“c7 

a 

with 

!  h  ;  <  2  I  e-l“  (e^*  -  I  -  <7j)*  •  1  -  )  I 

PrrKjf; 

Consider  any  function  of  ihe  random  variable  X  such  as  G(X).  Eipaod 
G  aroLiad  m  in  a  Taylor  exparisioii. 
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Thus: 


Ci  n 


.-J  ^  *  2|M.  j  i  iiUrS-- 

*;  fej*  I 


Let  forri2 

Thin; 

i  .n  i<2M'  (i.IjL)=  •2M<7  (^)  »  2M‘A‘  .  2MA 
r-2 1'  ■  i! 


Since 


1  r  h  .  1  "t 

‘  r2 


A  = 


'■ 


A  can  be  computed  as  folio* s: 


A  =  e'^'  -  1  -  0 

I 

Consider  the  case  *!iere:  '  ' '  ' 

G(X)  =  l-e'* 

In  ge  neral: 

G  ">(m)  =  (-1)'*’ e"® 

Thus: 

-'J).  .  -m 
lU  (ni;  3  =  ^ 

Thus:  M  can  be  {aien  as  equal  to  e  ° 

Thus: 

a  I  .  ^  t  .  .  •  -m  *  ^X.  I 

r-^i  ?  r  {c  -  i  -  cr  *  a  ie  -i  -  a  J  T 

*  *  X 

which  is  the  result  as  stated  ia  the  theorem. 
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CfKffttlli*  •!  C«v  (A|!/ai^  (CtMtclUtf  Piaiata^dt**  Ntnuat  Afanaak) 


Ii  is  known  that: 

rl‘) 


1  a.  ff 

■  t,  T  “I  *»; 


(U 


and 


where 


Now: 


7,^.^  ^  >  h. 


i  h, 
i  ’  ‘j 


a,  -  2a  4*’ri  '  ,  i  <  1,  .  ,  .  , 
a<‘> 


bj  -  2a  h  tj  ,  J  •  I,  .  .  .  ,  (I  -( 


,h(2)rj|| 


Cov  (A£V  A{^*)  =  I  1  b,  cor  ,  Pj  ^  ) 


_;i) 


;(J) 


P  dod  P,  can  be  writun  ms  follows: 

-(O-(l)-(t) 

P(»  . 


Le  t: 


S“>g<‘j  .  X 
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Sj  Pj 


■  lit 

r*  *  u 

iiii 


-fit 

p  -V 

IkJ 


Thu-'  r,*"  .  1  -  c**"'' 


rc  - 1 


Ns*: 


Kl  fit'll  I  ,K  I  1  ,•<!  -c  -  1-e 


n*^ 


K(? )  *1  .  o  •) 


Thu-*: 


P  •-  K  (P.  .  t,  ‘  )-e-^ 


•! 


P  p;  (P  I2l)  Se-».“  (2  ♦  17  •  )  -  cV» 

‘J  ^  ^' 


l.c:- 


-  (2  >  a 
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B  ■  (2  +  ) 

R.e'*' 

S-e"''* 

Ni*; 

P'*>  -£<>■<»  )aA^R 


Fmb  the  deftaitba  of  cOTUiuce: 

C9»  )  ae  (A  -  m  <B  -  S)  -  AB-E  (BR)  -E/AS)  -  F./RS) 

No»-. 


E(|lR)i^5?’{2«a-')  (  2e‘‘*^*  cr.*  I  -  r  • ){ 2.a * 

^  -n  — J  a  - -  a  ^ 

SiaiJuiy: 

E(AS)  ai.2»iliil  a  ♦  o  nt.2*c  •) 

I  «■  r* 


Fia^lly: 

E<RS)a  +  2  c  ■< 

4  4 


i 


i4-29' 


I 


O^abioing,  it  is  cwicluded  that; 

Cow  (P  (1),  P  <i))  a  4„2a«  -(2  +  9  '  )(2-9  '  )  I 

kj  kj  - - -  »»+)rT  ••  r' 
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NOtr.' 

‘  V*  *  2  '  *■ 

Thai! 

cov  (piy  ,  i  4 .  j  .  2  • 

4  cav  (J  u,  Ya)  -  4  -  2pJ  -  2o^,*  ••  p^‘  0|,'  I 
i  ...  .  i4cay  (Xu,  V\  >  -  •  c»  *  * 

a  Mi 


5iRce  X  aflj  y  ,  X  ini  X  uni  y»  Y  ir»  I  u,  V  ir^l  v  arc  injct'^nicnr, 
Ccv  (X'J,  YvJ  pp, 

Cov  f},(i' ,  P^(Jly  :.-‘-s -  'Vt'  I 

Lenin^  the  cwteuiion  .  i,  it  is  coaclujej  ihjt: 

Cuv  F;- r  )te  ‘‘'r»  ) 

*  J  I  y  .  •  » , 


a  »  )  iCliZZ.  o  *  ) 

- -  iv  —5 - ,, 


To  ^et  the  estiniarpd  cova/iancc  pur  in  bars  for  irue  va}ti“b  aai  i(  in 
concluded  th-ic; 


y 


*u 

3  2 


The  desired  rcsul:  can  oNuined  by  rer.e.T.bcring  ihcit: 


a'=7*(o*  v.Ti'f^m^a* 
n  1  .  B  u  s  u 


CONFJDENTIAL 


CONFIOENTJAL 


JF*  V  »  * 


Siecci 


X .  ir'»*a*** 

« 

V*  'V,'"  V,‘"'  %V'’ 


’  T  )  p, 


'  “  '•*  v  - /t! 

n  './  s  j,  j, 


t’wiitkr: 


(21 


..f{‘; 


•  feeo  nr/a  (at  Pj,  '*  inJ  l'k^'21  sle  (h:  si^re. 


Xo  e  -<t  -  R  '"(fdird) 
•  •  i  ■  ‘ 


L,_  -Yt  U  i.'/,  Vtn- (?)d  .■  n*^'  1  .(*• 

r  e,e  )Sj  fij  Fit)  <>  -  P^l  >  ''J 


fX 

! 


■*«  ■(l-Pin)l  {  ■■-  2P"i)i  {(sd^np 

—  ^J_  \  \  -  ■  /  ‘  ‘ 


'(-fti*  eJt))  ‘  (  Sj  p,  ') 
Si  pi  p'  ‘  » 
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c7,  (A  s?.  aI')  sa 

ihp  ib  owcf  valjffs  cf  i  aai  I  v^Hh  (hic  sane  fnv/a 
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TABLS  ! 

«i  L«l1i«l  At*a  CsIcaUtteiit 


h  ■ 

*■“5. 

J<T_ 

\ 

P 

*L 

» 

0 

0 

J52.9 

45.2!; 

10 

0 

0 

424.5 

52.«’' 

30 

0 

0 

‘10.7 

71. in 

5 

« 

33^ 

J52.9 

__46.2r- 

J-5 

4*5 

i3% 

4?4.5 

52.97! 

4n 

3JS 

516.7 

75. 5» 
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